Abstract. Let K 0 /Qp be a finite unramified extension and G K 0 denote the Galois group Gal(Q p /K 0 ). We show that all crystalline representations of G K 0 with Hodge-Tate weights ⊆ {0, · · · , p − 1} are potentially diagonalizable. 
Introduction
Let p be a prime, K a finite extension over Q p and G K denote the absolute Galois group Gal(Q p /K). In [BLGGT10] §1.4, potential diagonalizability is defined for a potential crystalline representation of G K . Since the potential diagonalizability is the local condition at p for a global Galois representation in the automorphic lifting theorems proved in [BLGGT10] (cf. Theorem A, B, C), it is quite interesting to investigate what kind of potential crystalline representations are indeed potentially diagonalizable. Let K 0 be a finite unramified extension of Q p . By using Fontaine-Laffaille's theory, Lemma 1.4.3 (2) in [BLGGT10] proved that any crystalline representation of G K0 with Hodge-Tate weights in {0, . . . , p−2} is potentially diagonalizable.
In this short note, we show that the idea in [BLGGT10] can be extended to prove the potential diagonalizability of crystalline representations of G K0 if HodgeTate weights are in {0, . . . , p − 1}. Let ρ : G K0 → GL d (Q p ) be a crystalline representation with Hodge-Tate weights in {0, . . . , p − 1}. To prove the potential diagonalizability of ρ, we first reduce to the case that ρ is irreducible. Then ρ is nilpotent (see definition in §2.2). Note that Fontaine-Laffaille's theory can be extended to nilpotent representations. Hence we can follow the similar idea in [BLGGT10] to conclude the potential diagonalizability of ρ.
Acknowledgement: It is a pleasure to thank David Geraghty and Toby Gee for very useful conversations and correspondence.
Notations
Throughout this note, K is always a finite extension of Q p with the absolute Galois group G K := Gal(Q p /K). Let K 0 be a finite unramified extension of Q p with the residue field k. We denote W (k) its ring of integers and Frob W (k) the arithmetic Frobenius on W (k). If E is a finite extension of Q p then we write O E the ring of integers, ̟ its uniformizer and F = O/̟O its residue field. If A is a local ring, we denote m A the maximal ideal of A. Let ρ :
For any embedding τ : K → Q p , we define the set of τ -Hodge-Tate weights
In particular, if ǫ denotes the p-adic cyclotomic character then HT τ (ǫ) = {1} (here our convention is slightly different from that in [BLGGT10] ).
Definitions and Preliminary
2.1. Potential Diagonalizability. We recall the definition of potential diagonalizability from [BLGGT10] . Given two continuous representations ρ 1 , ρ 2 :
, we say that ρ 1 connects to ρ 2 , denoted by ρ 1 ∼ ρ 2 , if:
• the two reductionsρ i := ρ i mod m O Q p are equivalent to each other; • both ρ 1 and ρ 2 are potentially crystalline;
• for each embedding τ : K ֒→ Q p , we have HT τ (ρ 1 ) = HT τ (ρ 2 ); • ρ 1 and ρ 2 define points on the same irreducible component of the scheme
Here R ρ1,{HTτ (ρ1)},K ′ -cris is the quotient of the framed universal deformation ring R ρ1 corresponding to liftings ρ with HT τ (ρ) = HT τ (ρ 1 ) for all τ and with ρ | G K ′ crystalline. The existence of R ρ1,{HTτ (ρ1)},K ′ -cris is the main result of [Kis08] .
and connects to a sum of crystalline characters
Remark 2.1.1. By Lemma 1.4.1 of [BLGGT10] , the potential diagonalizability is well defined for a representation ρ : 2 It is easy to check that V admits a nontrivial unramified quotient as Qp-representations if and only if V admits a nontrivial unramified quotient as E-representations. See the proof of Theorem 2.2.1 (4).
Proof.
(1) and (2) follow from Theorem 6.1 in [FL82] . Note that U S in [FL82] 
Hence V is crystalline with Hodge-Tate weights in {0, . . . , p − 1}. To see V is nilpotent, note that V has a unramified quotientṼ is equivalent to that there exists an 
cris (M ) must have an unramified quotient. This contradicts that V is nilpotent and hence M has to be nilpotent by (2). It remains to show that other O,tor by Theorem 2.2.1 (3)). And this is just the same proof in Lemma 2.4.1 in [CHT08] . Note that the proof did not use the restrictions (assumed for §2.4.1 loc. cit.) that Fil
The Main Theorem and Its Proof
Theorem 3.0.3 (Main Theorem). Suppose ρ :
is a crystalline representation, and for each τ : K 0 ֒→ Q p , the Hodge-Tate numbers HT τ (ρ) ⊆ {a τ , . . . , a τ + p − 1}, then ρ is potentially diagonalizable.
Proof. We may assume that ρ factors through GL d (O) for a sufficient large O. By Lemma 2.1.2, we can assume that ρ is irreducible and hence ρ * (p − 1) is nilpotent. Just as in the proof of Lemma 1.4.3 of [BLGGT10] , we can assume a τ = 0 for all τ . Then we can choose an unramified extension K ′ , such that ρ | G K ′ has a G K ′ -invariant filtration with 1-dimensional graded pieces. By Theorem 2.2.1 (4), ρ * (p−1) is still nilpotent when restricted to G K ′ . Without loss of generality, we can assume that K 0 = K ′ . Now there exists an M ∈ MF n O,fr such that T cris (M ) ≃ ρ. ThenM := M/̟M is nilpotent and T cris (M ) ≃ρ. Note thatM has filtration with rank-1 F ⊗ Z/pZ k-graded pieces to correspond to the filtration ofρ. Now by Lemma 1.4.2 of [BLGGT10] , we liftM to M ′ ∈ MF O,fr which has filtration with rank-1 W (k) O -graded pieces (note the proof of Lemma 1.4.2 did not use the restriction that HT τ (ρ) ⊆ {0, . . . , p − 2}). Hence M ′ is nilpotent by Theorem 2.2.1 (3). Then ρ ′ = T cris (M ′ ) is crystalline and has a G K0 -invariant filtration with 1-dimensional graded pieces by Theorem 2.2.1 (5). Then part 1 of Lemma 1.4.3 of [BLGGT10] implies that ρ ′ is potentially diagonalizable. Now it suffices to show that ρ connects to ρ ′ . But it is obvious that R n ρ,cris is a quotient R ρ,{HTτ (ρ)},K-cris . By Proposition 2.2.2, we see that ρ and ρ ′ must be in the same connected component of Spec(R ρ,{HTτ (ρ)},K-cris [ 1 p ]). Hence ρ ∼ ρ ′ and ρ is potentially diagonalizable.
